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ABSTRACT

ARTICLE HISTORY

Studying the neurological, genetic, and evolutionary basis of human vocal communication mechanisms
using animal vocalization models is an important field of neuroscience. The datasets typically comprise
structured sequences of syllables or “songs” produced by animals from different genotypes under different
social contexts. It has been difficult to come up with sophisticated statistical methods that appropriately
model animal vocal communication syntax. We address this need by developing a novel Bayesian semiparametric framework for inference in such datasets. Our approach is built on a novel class of mixed effects
Markov transition models for the songs that accommodate exogenous influences of genotype and context
as well as animal-specific heterogeneity. Crucial advantages of the proposed approach include its ability to
provide insights into key scientific queries related to global and local influences of the exogenous predictors on the transition dynamics via automated tests of hypotheses. The methodology is illustrated using
simulation experiments and the aforementioned motivating application in neuroscience. Supplementary
materials for this article, including a standardized description of the materials available for reproducing the
work, are available as an online supplement.
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1. Introduction
Studies of the genetic and evolutionary basis of human vocal
communication constitute an important field of neuroscience.
Spoken language plays a central role in human culture. Vocal
behaviors are, however, susceptible to a range of impairments,
making dramatic impacts on everyday life and presenting a
major public health issue, with the prevalence of speech-sound
disorders in young children estimated at 8%–9% (NIH-NIDCD
Report 2010). Such disorders are highly heritable, but the causes
are typically unknown (Law et al. 2000) and are subject to extensive research.
Practical constraints on working directly with humans have
forced neuroscientists to look for innovative alternative means
to study important scientific questions arising in the field. Extensive research has discovered many language-like qualities in
song-learning birds, strongly establishing their efficacy as useful substitute models (Doupe and Kuhl 1999; Jarvis 2004; Marler and Slabbekoorn 2004; Zeigler and Marler 2008; Petkov and
Jarvis 2012). Recent discoveries of similar properties in mouse
vocalizations have also resulted in great excitement in the community (Holy and Guo 2005; Arriaga and Jarvis 2013; Portfors
and Perkel 2014; Heckman et al. 2016).
Datasets generated by such studies typically comprise collections of structured sequences of syllables or “songs” produced
by animals under different experimental factors with individuals
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also having their own singing styles. Neuroscientists are primarily interested in assessing the global and local influences of the
exogenous experimental factors on mice vocalization patterns
and abilities.
Following past studies on animal communication, Holy and
Guo (2005) modeled the sequential arrangement of the syllables
within the songs, namely, syntax, using first-order Markov models. Although the literature on mouse vocalization studies has
since grown rapidly, statistical methods for studying systematic
differences in syntax under different experimental conditions
have lagged behind. Neuroscientists have thus often restricted
themselves to studying repertoire differences only, comparing
the overall proportions of syllables between different combinations of exogenous predictors (Scattoni et al. 2008a; Chabout
et al. 2012; Musolf et al. 2015; Gaub, Fisher, and Ehret 2016). The
problem of studying syntax differences has largely been ignored.
To fill this vacuum, Chabout et al. (2015) developed statistical
tests for assessing global differences in Markov sequences of syllables between social contexts. Making further advancements,
Chabout et al. (2016) developed an approach to assess global
and local syntax differences due to genotypes and contexts based
on comparisons of empirical syllable transition proportions,
ignoring their estimation uncertainty. Both approaches relied on
a restrictive assumption of independently distributed Markov
sequences, not allowing realistic sharing of information between
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songs produced by the same mouse or songs sung under similar
experimental conditions. Developed for specific experimental
designs, these methods also lacked broad applicability beyond
one or two experimental factors.
Carefully designed mixed effects Markov models for the
songs, which appropriately accommodate fixed effects of
experimental factors as well as random effects of animals,
could potentially eliminate these limitations and lead us to
far more advanced syntax analysis tools. Statistics literature
on mixed effects Markov models, however, remains sparse.
The few existing approaches are primarily based on generalized linear models (GLM). Except for binary sequences,
specifying flexible predictor-dependent Markov models using
traditional GLMs is, however, daunting. For example, with p
experimental factors x j , j = 1, . . . , p, with d j levels each and
syllable sequences yt comprising d0 categories, even without
any interaction or random effects, an adaptation of the multinomial logit model (McCullagh and Nelder 1989; Agresti 2013)
to our setting requires formulating
d0 − 1 models, one for
p
each yt = 1, . . . , d0 − 1, with j=0 (d j − 1) dummy variables
representing local dependence and predictors yt−1 , x1 , . . . , x p
included as linear predictors on the logit scale. Interactions
and random effects greatly add to the complexity, for example,
due to the lack of analytic forms marginalizing out the random effects. Inferences under such models, including testing
important hypotheses, become computationally intractable.
Relevant statistics literature have thus focused on very simple
scenarios, such as binary sequences, single predictors, models
excluding interactions and random effects, etc. (Bonney 1987;
Fitzmaurice and Liard 1993; Azzalini 1994; Schildcrout and
Heagerty 2005, 2007; Rahman and Islam 2007; Altman 2007;
Bizzotto et al. 2010; Islam, Chowdhury, and Huda 2013). Our
efforts to satisfactorily adapt these techniques to the challenges
and complexities of the syntax analysis problem have largely
been unsuccessful. Additional detailed discussions of these
issues are presented in the supplementary materials.
To address the limitations of these approaches in modeling vocalization syntax, this article presents a fundamentally
different, novel approach to modeling mixed effects Markov
models. Our proposed formulation provides flexible, easily
interpretable representations of exogenous factor-dependent
individual-specific transition probability matrices. We include
fixed and random effects directly on the probability scale, avoiding issues in choosing link functions and facilitating computational simplifications. Using Dirichlet-distributed random
effects, we obtain analytic forms for the population level probabilities. To reduce dimensionality and facilitate testing predictor
effects, the model clusters levels of predictors that have similar
impact on the transition dynamics. These important advantages
are direct consequences of the modeling innovations, and hence
enjoyed by all inferential paradigms.
Additional important advantages, pertaining specifically to
the Bayesian inference approach adopted in this article, include
borrowing of information across sequences via a layered hierarchy and accommodation of uncertainty in various aspects of
the analysis. The proposed model structure leads to a stable
and efficient Markov chain Monte Carlo (MCMC) algorithm.
Estimates of the posterior probabilities of global and local
hypotheses related to influences of the exogenous experimental
factors are easily available from samples drawn by the algorithm.

The rest of this article is organized as follows. Section 2
provides additional details of mouse vocalization experiments.
Section 3 develops the model. Section 4 discusses tests assessing
global and local influences of the exogenous predictors.
Section 5 presents the results of the proposed method applied to
mouse vocalization data. Section 6 presents the results of simulation experiments. Section 7 contains concluding remarks.
Substantive additional details, including an efficient MCMC
algorithm to sample from the posterior, are deferred to the
supplementary materials.

2. Mouse Vocalization Experiments
Understanding the need and rational behind our new approach
to mixed effects Markov models requires understanding the
underlying scientific applications and datasets we designed
them for, namely, vocal communication syntax, particularly in
mice.
Holy and Guo (2005) discovered that male mice “sing”
ultrasonic vocalizations (USVs) with some features similar to
courtship songs of songbirds. Being mammals, mice are closer
to humans in terms of genetic makeup, anatomy, and physiology, thus providing an attractive alternative animal model to
study. Like many songbirds, male mice also produce songs in
sexual and other contexts using a multisyllabic repertoire. The
syllables can be categorized based on spectral features (Holy and
Guo 2005; Scattoni et al. 2008a; Arriaga, Zhou, and Jarvis 2012).
The syllables categorization approach adopted in Chabout
et al. (2012, 2015, 2016) grouped them into four categories—
simple syllables without any pitch jumps (‘s’); complex syllables
containing two notes separated by a single upward (‘u’) or downward (‘d’) pitch jump; and more complex syllables containing
a series of multiple pitch jumps (‘m’). See Figure 1. Syllable
durations and intersyllable intervals are typically between 0
and 250 msec (Chabout et al. 2015; Castellucci, McGinley, and
McCormick 2016). Each interval of 250 msec that a mouse
remains silent is thus classified as a special silence syllable (‘x’).
The syllable repertoire compositions of male mice could vary
under different conditions, including different strains, genotypes, and social contexts. Chabout et al. (2012) studied the
role of USVs in triggering and maintaining social interaction
between male mice. Musolf et al. (2015) and Scattoni et al.
(2008a) compared USV repertoire produced by male mice
from different strains. Chabout et al. (2015) studied if male
mice change their syntax according to social contexts. Chabout
et al. (2016); Fujita et al. (2008); Castellucci, McGinley, and

Figure . Syllables making up mouse vocalizations (reproduced from Chabout et al.
 with permission).
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Figure . An example song by a wild-type male mouse under the urine context (reproduced from Chabout et al.  with permission).

McCormick (2016); Gaub, Fisher, and Ehret (2016) studied
repertoire differences under different combinations of genotypes/strains and social contexts.
Although the methodology developed in this article is readily applicable to all the studies described above, to demonstrate
its utility, we focus specifically on the problem and the dataset
studied in Chabout et al. (2016). The statistical approach developed therein, being our main competitor among existing syntax
analysis tools, is also discussed in detail below.
Chabout et al. (2016) looked into syntax differences due to
genotypes and contexts. The genotype difference corresponded
to wild-type mice versus mice that were genetically engineered
to carry a rare mutation of the Foxp2 (forkhead-box P2) gene
that affects human speech production. Affected individuals have
difficulties mastering the coordinated movement sequences of
syllables that underlie fluent speech, described as developmental verbal dyspraxia (DVD) or childhood apraxia of speech
(CAS), accompanied by other problems with verbal and written language. The male mice sang under three different social
contexts—fresh female urine on a cotton tip placed inside the
male’s cage (U), awake and behaving adult female placed inside
the cage (L), and an anesthetized female placed on the lid of
the cage (A). Figure 2 shows an example multisyllabic song by
a wild-type male mouse under the urine context. Other mouse
vocalization experiments studying the role of Foxp2 include
Fujita et al. (2008); Castellucci, McGinley, and McCormick
(2016); Gaub, Fisher, and Ehret (2016).
The general structure of the Foxp2 dataset from Chabout
et al. (2016) is depicted in Table 1 where 42 songs of various
lengths sung by 8 Foxp2 mutant mice and 6 wild-type mice were
recorded under the contexts U, L, and A. Independent analyses of the songs using higher order models (Sarkar and Dunson
2016) were strongly indicative of first-order Markovian dynamics. Table 2 shows the frequencies of different types of syllable
Table . General structure of the Foxp dataset studied in Chabout et al. (). Each
cell represents the number of syllables making up the corresponding songs. The two
highlighted cells are expanded in Table .
Foxp mutant

Wild type

Social context
Mouse ID
F
F
F
F
F
F
F
F

Social context

U

L

A

Mouse ID

U

L

A
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Table . Number of transitions from syllables in the left column to syllables in the
top row for mice F and W singing under contexts L and A, respectively.
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transitions making up the songs in the two highlighted cells in
Table 1.
The hypothesis of primary scientific interest postulates the
Foxp2 mutation to significantly affect the mouse vocalization
patterns and abilities across all contexts. A hypothesis of secondary interest is that the vocalization patterns also vary significantly between contexts across genotypes. Additionally, if the
global effect of the Foxp2 mutation turns out to be significant,
we are interested in assessing how the mutation affects the vocalization patterns locally for each fixed social context.
As Table 2 shows, although the total lengths of the recorded
sequences were in the hundreds, the empirical frequencies of
the individual transition types were very diverse, comprising
some very large values as well as many small values, including
exact zeros. The marginal frequencies of the syllables also varied greatly and included exact zeros.
To assess global and local syntax differences due to genotypes
and contexts, Chabout et al. (2016) first estimated the transition
probabilities separately for each sequence by the corresponding
sample proportions. Wilcoxon–Mann–Whitney rank sum tests
were then applied to these proportions to assess local effects
of genotypes for fixed contexts. Finally, these local tests were
combined using a permutation-based Monte Carlo procedure to
assess the global influence of genotype. Similar strategies based
on Wilcoxon signed rank tests were adopted for assessing the
influences of social contexts within and across genotypes. Undefined empirical estimates due to exact zero marginal frequencies were, however, ignored. Wide ranging uncertainties in the
remaining available estimates were also not taken into account.
The assumption of independently distributed sequences was
also highly restrictive. Also importantly, being based on pairwise
comparisons, the approach cannot be easily adapted to other
study designs with additional exogenous experimental factors.
Thus, there is a need for more sophisticated, model-based,
principled statistical approaches for doing inference in such
datasets. The mixed effects Markov model developed in this article aims to address this need.
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3. Mixed Effects Markov Models
0 ,Ts
Consider a collection of categorical sequences {ys,t }ss=1,t=1
with
ys,t ∈ Y = {1 . . . , d0 }. Each sequence s has, associated with it, p
p
exogenous factors {xs, j } j=1 with xs, j ∈ X j = {1, . . . , d j }. These
exogenous categorical predictors remain fixed over time for each
sequence. Multiple sequences may correspond to the same combination of values of the exogenous predictors. With some abuse
of notation, yt , x j sans the subscript s will be used to refer collectively to ys,t , xs, j for different s and also to denote the values taken
by these variables. The probability of ys,t taking a value in Y is
assumed to depend on its immediate previous value ys,t−1 and
possibly also on the values taken by the associated exogenous
p
predictors {xs, j } j=1 , and is denoted by Pxs,1 ,...,xs,p (ys,t | ys,t−1 ). We
refer to such sequences as Markov sequences with exogenous
predictors (MSEP). The dynamics of the sth sequence is thus
governed by the model

(ys,t | ys,t−1 , xs,1 , . . . , xs,p )
∼ Mult[Pxs,1 ,...,xs,p (1 | ys,t−1 ), . . . , Pxs,1 ,...,xs,p (d0 | ys,t−1 )].
Additionally, each sequence s may also be associated with
an individual is = i drawn at random from a larger population of interest I. Multiple sequences may be associated with
the same individual. The individual level transition probabili(yt | yt−1 ), may then be assumed to have
ties, denoted by Px(i)
1 ,...,x p
been randomly drawn from a population of transition probabil(yt | yt−1 ) : i ∈ I} with mean transition probities P = {Px(i)
1 ,...,x p
ability parameters Px1 ,...,x p (yt | yt−1 ). The model for the process
governing the evolution of the sth sequence is now modified as
(ys,t | ys,t−1 , xs,1 , . . . , xs,p , is )
∼ Mult[Px(is,1s ),...,xs,p (1 | ys,t−1 ), . . . , Px(is,1s ),...,xs,p (d0 | ys,t−1 )].
Key inferential goals include estimation of individual and
(yt | yt−1 ) and
population level transition probabilities, Px(i)
1 ,...,x p
Px1 ,...,x p (yt | yt−1 ), and an assessment of the global and local
influence of the predictors on these transition probabilities. The
hypotheses of a global impact of the jth predictor correspond
to
(yt | yt−1 ) does not vary with values of x j versus
H0 j : Px(i)
1 ,...,x p
H1 j : Px(i)
(yt | yt−1 ) varies with varying values of x j .
1 ,...,x p
The local hypotheses instead correspond to pairwise comparisons between transition probabilities for two different levels
of x j .
In our motivating mouse vocalization dataset, is indexes the
mouse under study, ys,t ∈ Y = {d, m, s, u, x} = {1, 2, 3, 4, 5}
denotes the sequence of “syllables” measuring the song
dynamics, and there are two categorical predictors—
genotype xs,1 ∈ X1 = {F, W } = {1, 2} and context xs,2 ∈ X2 =
{U, L, A} = {1, 2, 3}. A key interest is in studying the impact of
a mutation in the Foxp2 gene on vocalization patterns across
different contexts.
Toward these goals, we first focus, in Section 3.1, on the simpler problem of developing a statistical framework for MSEPs
that facilitates testing the significance of the exogenous predictors, ignoring any individual-specific effect. The problem of
modeling individual level transition probabilities incorporating

individual-specific random effects is addressed in Section 3.2.
A Bayesian hierarchical formulation of the proposed statistical
model is described in Section 3.3.
3.1. A Partition Model for MSEP
To model MSEPs, we construct a partition of each X j such that
the values of x j that are clustered together have similar influences on the dynamics of ys,t . Our proposed model is related to
the rich literature on reducing dimensionality in characterizing
predictor effects via partitioning; refer, for example, to Breiman
et al. (1984); Denison, Mallick, and Smith (1998), though we
are not aware of such methods being developed in the setting
of characterizing predictor effects on Markov dynamics.
( j) k j
of X j , j =
Specifically, given a partition C ( j) = {C }=1
1, . . . , p, we model the stochastic evolution of ys,t as
(p)

(ys,t | ys,t−1 = yt−1 , xs,1 ∈ C(1)
, . . . , xs,p ∈ C p )
1
∼ Mult[λ1 ,..., p (1 | yt−1 ), . . . , λ1 ,..., p (d0 | yt−1 )],

(1)

where λ1 ,..., p (· | yt−1 ) = {λ1 ,..., p (1 | yt−1 ), . . . , λ1 ,..., p (d0 |
yt−1 )}T are probability vectors for each combination
(yt−1 , 1 , . . . ,  p ).
Clearly, 1 ≤ |C ( j) | ≤ d j . When |C ( j) | = 1, all d j categories
are clustered together, and hence the evolution of ys,t does not
depend on the specific value taken by the associated jth predictor xs, j . We will refer to this case as the null model M0 j
corresponding to null hypothesis H0 j . At the other extreme,
we have |C ( j) | = d j when each of the d j categories of x j
forms its own cluster. By their very construction, such partition
models are capable of characterizing any exogenous predictorspecific Markov transition dynamics, including accommodating
all order interactions between different levels of the predictors.
The proposed approach separately partitions X j for different j and then combines them to form a partition of X = X1 ×
· · · × X p . A partition of X could also be obtained by directly
p
clustering the j=1 d j levels of (x1 , . . . , x p ). Such constructions
would also be capable of identifying the effects of the individual
predictors but could only do so implicitly. Fitting such models
would also require exploration of a much bigger model space,
not only becoming computationally more challenging but also
less efficient in detecting the true patterns.
As an illustration, consider partitioning X = X1 × X2 with
X1 = {1, 2} and X2 = {1, 2, 3} as

 

C = C1 , C2 = {(1, 1), (2, 1), (1, 2), (2, 2)}, {(1, 3), (2, 3)} .
The two levels of x1 being always in the same cluster with different levels of x2 , the partition C is determined essentially by the
clusters {1, 2} and {3} of X2 . The dynamics of yt , thus, does not
depend on x1 but depends only on x2 with the levels 1, 2 affecting it in a similar manner and the level 3 acting differently. This
is more readily discernible from the separate partitions
 

 



C (1) = C1(1) = {1, 2} , C (2) = C1(2) , C2(2) = {1, 2}, {3} .
Stochastic detection of these partitions from the data requires
separate explorations of model spaces comprising 2d j elements,

as opposed to searching a much bigger model space with 2 j d j
possibilities required to fit a joint partition model.
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3.2. Mixed Effects MSEP
Having developed a general framework for MSEP, we now
address the problem of incorporating individual effects into the
model. For ease of exposition and interpretation, we focus initially on settings similar to our motivating application of mouse
vocalization experiments.
In our motivating application, we have m = 1, . . . , mx1 mice
from genotypes x1 ∈ X1 = {1, . . . , d1 } singing under contexts

x2 ∈ X2 = {1, . . . , d2 }, generating a total of s0 = d2 dx11=1 mx1
0 ,Ts
songs {ys,t }ss=1,t=1
. The model developed in Section 3.1 assumes
that under a given context all mx1 mice from the xth
1 genotype sing according to the same probability model. To relax
this assumption and accommodate animal heterogeneity, we
introduce Dirichlet distributed mouse-specific transition probabilities λ(i) (· | yt−1 ) = {λ(i) (1 | yt−1 ), . . . , λ(i) (d0 | yt−1 )}T and
characterize the transition dynamics of different mice according
to the mixed effects model
(ys,t | ys,t−1 = yt−1 , is = i, xs,1 ∈ C1 , xs,2 ∈ C2 )
(1 | yt−1 ), . . . , P(i)
(d0 | yt−1 )],
∼ Mult[P(i)
1 ,2
1 ,2
where
P(i)1 ,2 (·|yt−1 ) = π0 (yt−1 )λ1 ,2 (·|yt−1 ) + π1 (yt−1 )λ(i) (·|yt−1 ),
λ(i) (·|yt−1 ) ∼ Dir[α (0) λ0 (1|yt−1 ), . . . , α (0) λ0 (d0 |yt−1 )].

(2)

Expression (2) characterizes the mouse-specific transition probability P(i)1 ,2 (· | yt−1 ) as a convex combination of
a baseline probability λ1 ,2 (· | yt−1 ) and a mouse-specific
random effect λ(i) (· | yt−1 ), with respective weights π0 (yt−1 )
and π1 (yt−1 ) = 1 − π0 (yt−1 ). The baseline component is
common to all mice from genotype x1 ∈ C1 singing under
context x2 ∈ C2 , and provides a type of fixed effects term. The
probability π1 (yt−1 ) characterizes the amount of heterogeneity

(1)

P1,1

α(0) λ0

among mice, taking the place of the random effects variance in a
traditional mixed effects model. The convex structure facilitates
computation and interpretability.
Figure 3 shows the general construction of the model and
how the different model components are shared across songs
associated with the same levels of genotype and context as well
as across songs sung by the same mouse. The convex form of the
model is interpretable as a two-component mixture of a global
and a local component. Related global-local mixtures have been
proposed in fundamentally different contexts by Müller, Quintana, and Rosner (2004), Dunson (2006), and Ren et al. (2010).
Since no nonlinear link function is involved, the Dirichlet
distributed random effects can be integrated out to obtain closed
analytic forms for the population level probabilities as
P1 ,2 (·|yt−1 ) = π0 (yt−1 )λ1 ,2 (·|yt−1 ) + π1 (yt−1 )λ0 (·|yt−1 ).
(3)
The partition based population level model (3) is nonparametric in the sense that it can characterize any exogenous predictor
dependent Markov transition dynamics. The parametric Dirichlet random effects distribution, however, imparts the individual
level model (2) its overall semiparametric nature.
Unlike nonlinear GLM-based approaches, our proposed formulation thus results in closed-form expressions for the population level transition probabilities with the fixed effects terms
having the same individual and population level interpretations.
Also, importantly, the population level probability parameters
do not depend on the variability of the subject-specific effects.
These advantages over GLM-based approaches are discussed in
greater detail in Section S.5 in the supplementary materials.
Important advantages of the proposed approach are thus
direct consequences of the novel construction of the basic model
(2) itself and are not unique to the chosen inferential paradigm.

Gntp 1

Cntx 1

Cntx 2

Gntp 2

π0 λ1,1

π0 λ1,2

π0 λ2,1

π0 λ2,2

(2)

P1,1

(3)

(1)

P1,1

P1,2

π1 λ(1)

Mouse 1

(2)

P1,2

(3)
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(4)

P1,2

P2,1

π1 λ(2)

π1 λ(3)

Mouse 2

Mouse 3

(5)

P2,1

(6)

(4)

P2,1

P2,2

π1 λ(4)

π1 λ(5)

π1 λ(6)

Mouse 4

Mouse 5

Mouse 6

(5)

P2,2

(6)

P2,2

Figure . Graphical model showing the sharing of diﬀerent model components across songs associated with the same levels of genotype and context as well as across
songs sung by the same mouse. Predictors include genotype ∈ {Gntp , Gntp } and context ∈ {Cntx , Cntx }. Mice – have Gntp , Mice – have Gntp . Brown shading
= ﬁxed eﬀects, blue shading = random eﬀects.
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3.3. Bayesian Hierarchical Formulation
Toward developing a sophisticated Bayesian inferential framework, we design prior probability models for different model
parameters.
We now switch back to general settings with p exogenous predictors. To facilitate specification of probabilistic partition modp,d j
els, we introduce latent cluster allocation variables {z j, } j=1,=1
and rewrite (1) as
(ys,t | ys,t−1 = yt−1 , z1,xs,1 = h1 , . . . , z p,xs,p = h p )
∼ Mult[λh1 ,...,h p (1 | yt−1 ), . . . , λh1 ,...,h p (d0 | yt−1 )],
z j, ∼ Mult[μ j (1), . . . , μ j (d j )],
where λh1 ,...,h p (· | yt−1 ) = {λh1 ,...,h p (1 | yt−1 ), . . . , λh1 ,...,h p (d0 |
yt−1 )}T are probability vectors for each combination
p,d j
(yt−1 , h1 , . . . , h p ), and {z j, } j=1,=1
index allocation of the
d j observed categories of the jth predictor to d j latent categories, inducing a partition C ( j) of X j . Two categories
1 , 2 ∈ X j = {1, . . . , d j } will be clustered together iff
z j,1 = z j,2 .
By allowing empty latent components, such hierarchical
formulations define many-to-one mappings from the space
of possible combinations of z j, to the space of possible partitions. For example, with d j = 4, (z j,1 , . . . , z j,4 ) = (1, 1, 1, 3),
(z j,1 , . . . , z j,4 ) = (3, 3, 3, 2)
(z j,1 , . . . , z j,4 ) = (2, 2, 2, 1),
all induce the same partition C ( j) = {{1, 2, 3}, {4}} of
d j ,p
X j = {1, . . . , d j }. Given {z j, }=1,
j=1 and the labeling schemes
p
for the sets in the induced partitions {C ( j) } j=1 , the λ1 ,..., p ’s
and the λh1 ,...,h p ’s that are associated with the nonempty
components are uniquely related. For example, with p = 2,
(z1,1 , . . . , z1,4 ) = (1, 1, 1, 3) and (z2,1 , . . . , z2,3 ) = (2, 2, 1),
inducing the partitions C (1) = {C1(1) , C2(1) } = {{1, 2, 3}, {4}}
and C (2) = {C1(2) , C2(2) } = {{1, 2}, {3}}, λ1,1 = λ1,2 , λ1,2 = λ1,1 ,
λ2,1 = λ3,2 and λ2,2 = λ3,1 .
Conjugate priors on μ j = {μ j (1), . . . , μ j (d j )}T are given
by
μ j ∼ Dir(α j , . . . , α j ).
Marginalizing out μ j , the induced prior on C ( j) =
( j)

( j)

{C1 , . . . , Ck j } is given by
C ( j) |  ( j) 
d j (|C ( j) |) |
C 
p0 (C ( j) ) =
α j ,
(d j α j )(d j )  =1 j
j

where x(i) = x(x + 1) · · · (x + m − 1) and x(m) = x(x −
1) · · · (x − m + 1). The prior probability of the null model M0 j
is then obtained as
(d )

p0 (M0 j ) = p0 (k j = 1) = d j α j j /(d j α j )(d j ) .
Next, we consider the transition probability vectors
λh1 ,...,h p (· | yt−1 ). It is natural to center the priors for these
parameters around some λ0 (· | yt−1 ) that captures the overall
transition dynamics. Henceforth, we set λ0 = λ0 , assuming
the fixed and the random effects components in (2) to both
be centered around the same mean vector. This facilitates

posterior computation and, as discussed in Section 3.4, simplifies model interpretation. Conditionally conjugate priors for
λh1 ,...,h p (· | yt−1 ) are then specified as
λh1 ,...,h p (· | yt−1 ) ∼ Dir[α0 λ0 (1 | yt−1 ), . . . , α0 λ0 (d0 | yt−1 )].
The exposition of the rest of the article, including the computational machineries developed in Section S.1.2 of the supplementary materials, can, however, be adapted to accommodate
the general case.
Some states in Y may additionally be more preferred to others across different level combinations of the associated predictors. Let λ00 = {λ00 (1), . . . , λ00 (d0 )}T be a probability vector
capturing such global behavior. Priors for λ0 (· | yt−1 ) are then
centered around such global behavior as
λ0 (· | yt−1 ) ∼ Dir[α00 λ00 (1), . . . , α00 λ00 (d0 )].
Next, we assign conditionally conjugate Beta priors to the
mixture probabilities π0 (yt−1 ) as
π0 (yt−1 ) ∼ Beta(a0 , a1 ).
Finally, we assign Gamma priors to the hyperparameters α0
and α (0) as
α0 ∼ Ga(a0 , b0 ),

α (0) ∼ Ga(a(0) , b(0) ).

The complete Bayesian hierarchical model, which accommodates uncertainty in various aspects of the analysis and allows
sharing of information across different layers of the hierarchy,
may then be summarized as
(ys,t | ys,t−1 = yt−1 , is = i, z1,xs,1 = h1 , . . . , z p,xs,p = h p )
(1 | yt−1 ), . . . , Ph(i)
(d0 | yt−1 )],
∼ Mult[Ph(i)
1 ,...,h p
1 ,...,h p
where Ph(i)1 ,...,h p (· | yt−1 ) = π0 (yt−1 )λh1 ,...,h p (· | yt−1 )
z j,

+ π1 (yt−1 )λ(i) (· | yt−1 ),
∼ Mult[μ j (1), . . . , μ j (d j )], μ j ∼ Dir(α j , . . . , α j ),

λ(i) (· | yt−1 ) ∼ Dir[α (0) λ0 (1 | yt−1 ), . . . , α (0) λ0 (d0 | yt−1 )],
λh1 ,...,h p (· | yt−1 ) ∼ Dir[α0 λ0 (1 | yt−1 ), . . . , α0 λ0 (d0 | yt−1 )],
λ0 (· | yt−1 ) ∼ Dir[α00 λ00 (1), . . . , α00 λ00 (d0 )],
π0 (yt−1 ) ∼ Beta(a0 , a1 ), α0 ∼ Ga(a0 , b0 ),
α (0) ∼ Ga(a(0) , b(0) ).

(4)

The population I from which the individuals are drawn
may be ill-defined in certain applications. In mouse vocalization experiments, I may be defined to be the population of all
mice or the much smaller population of mice in the laboratory
at the time of conducting the experiments. Without having an
underlying larger population, the random effects interpretation
of the individual specific parameters λ(i) (· | yt−1 ) is lost and they
also become fixed effects. The Bayesian model discussed in this
section still remains valid—the random effects Dirichlet distributions just need to be treated as priors.
3.4. Model Properties
In this section, we discuss properties of the proposed mixed
effects Markov model. Many of these results are directly relevant
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The hyperparameters α0 and α (0) control the variability of
λh1 ,...,h p and λ(i) around their means. Treating these parameters
to be unknown and inferring them from their posterior makes
the proposed approach more data adaptive. For the fixed effects
components λh1 ,...,h p , we have
var{λh1 ,...,h p (yt | yt−1 ) | α0 , λ0 (yt | yt−1 )}

xs,1

z1

xs,2

zs,1

ys,t−1

In the limit, when α0 → ∞, var{λh1 ,...,h p (yt | yt−1 ) | α0 , λ0 (yt |
yt−1 )} → 0. The limiting case π0 (yt−1 ) → 0 for all yt−1 ∈ Y
also signifies the absence of fixed effects. Likewise, for the
random effects components, we have

zs,2

ys,t

vs,t
λ
π

= λ0 (yt | yt−1 ){1 − λ0 (yt | yt−1 )}(α0 + 1)−1 .

z2

var{λ(i) (yt | yt−1 ) | α (0) , λ0 (yt | yt−1 )}
(is )

λ

α

(0)

λ0

α0

λ00

Figure . Pictorial representation of the local dependency structure encoded in the
Bayesian hierarchical model () for a sequence {ys,t } produced by the is th individual with two exogenous predictors xs,1 and xs,2 . Observed and latent variables are
marked by shaded and unshaded nodes, respectively.

to the basic statistical model (2) from Section 3.2, some make
additional use of the hierarchical formulation (4) of Section 3.3.
Introducing latent variables v s,t ∈ {0, 1} for each ys,t , we can
write (2) as
{ys,t | ys,t−1 = yt−1 , is = i, z1,xs,1 = h1 , . . . , z p,xs,p = h p , v s,t }
∼

Mult[λh1 ,h2 (1 | yt−1 ), . . . , λh1 ,h2 (d0 | yt−1 )] if v s,t = 0,
Mult[λ(i) (1 | yt−1 ), . . . , λ(i) (d0 | yt−1 )]
if v s,t = 1,

(v s,t | ys,t−1 = yt−1 ) ∼ Mult[π0 (yt−1 ), π1 (yt−1 )].

= λ0 (yt | yt−1 ){1 − λ0 (yt | yt−1 )}(α (0) + 1)−1 .
In the limit, when α (0) → ∞, var{λ(i) (yt | yt−1 ) | α (0) , λ0 (yt |
yt−1 )} → 0. Random effects are also absent when π1 (yt−1 ) → 0
for all yt−1 ∈ Y. If interest lies in testing the presence or absence
of random effects, the random effects distribution can be
adapted to include a point mass at λ0 (· | yt−1 ).
The correlation structure between transition probabilities for
different levels of the predictors and individuals provides further
insights into the information sharing properties of the proposed
model. For (h11 , . . . , h1p ) = (h21 , . . . , h2p ), we have
(yt | yt−1 ), Ph(i)
(yt | yt−1 ) |
ρ (i) = corr{Ph(i)
11 ,...,h1p
21 ,...,h2p
×λ0 (yt | yt−1 ), π0 (yt−1 ), α0 , α (0) }
π12 (yt−1 )/(α (0) + 1)
.
= 2
{π0 (yt−1 )/(α0 + 1) + π12 (yt−1 )/(α (0) + 1)}
Likewise, for i1 = i2 , we have
)
)
ρ (i1 ,i2 ) = corr{Ph(i11,...,h
(yt | yt−1 ), Ph(i12,...,h
(yt | yt−1 ) |
p
p

λ0 (yt | yt−1 ), π0 (yt−1 ), α0 , α (0) }
π02 (yt−1 )/(α0 + 1)
.
= 2
{π0 (yt−1 )/(α0 + 1) + π12 (yt−1 )/(α (0) + 1)}

Sampling the v s,t ’s facilitates posterior computation. A graphical
model characterization, where zs, j = z j,xs, j , is shown in Figure 4.
Conditioning on λ0 , an alternative representation of
Ph(i)1 ,...,h p (· | yt−1 ) is obtained after some algebraic manipulation as

Finally, for (h11 , . . . , h1p ) = (h21 , . . . , h2p ) and i1 = i2 , we
have

Ph(i)1 ,...,h p (· | yt−1 ) = λ0 (· | yt−1 ) + π0 (yt−1 ){λh1 ,...,h p (· | yt−1 )

These expressions are all independent of the mean λ0 (yt | yt−1 ).
If {π02 (yt−1 )(α (0) + 1)}/{π12 (yt−1 )(α0 + 1)} → 0, ρ (i) → 1.
Conversely, if {π02 (yt−1 )(α (0) + 1)}/{π12 (yt−1 )(α0 + 1)} → ∞,
ρ (i) → 0. If {π02 (yt−1 )(α (0) + 1)}/{π12 (yt−1 )(α0 + 1)} →
0, ρ (i1 ,i2 ) → 0, and, conversely, if {π02 (yt−1 )(α (0) +
1)}/{π12 (yt−1 )(α0 + 1)} → ∞, ρ (i1 ,i2 ) → 1. Without the random effect components, we would have had ρ (i) = 0 and
ρ (i1 ,i2 ) = 1.
Supplementary materials contain further details on properties of our proposed model, including ergodicity, flexibility, and
posterior consistency. As the model is effectively nonparametric,
we can show that the transition probabilities for each of the subjects are estimated consistently as the length of each sequence
increases. This seems to be the appropriate asymptotic notion
in our motivating application, as it is easy to collect more data

−λ0 (· | yt−1 )} + π1 (yt−1 ){λ(i) (· | yt−1 ) − λ0 (· | yt−1 )}.
With λh1 ,...,h p (· | yt−1 ) and λ(i) (· | yt−1 ) distributed around
λ0 (· | yt−1 ), the expressions within the braces above are centered
around zero. The first term is interpreted as the global mean, the
second term as the departure from the global mean due to the
fixed effects, and the final term as departure due to individualspecific random effects. Integrating out λ(i) (· | yt−1 ), the transition probability vectors Ph(i)1 ,...,h p (· | yt−1 ) are centered around
their population mean
Ph1 ,...,h p (· | yt−1 )
= λ0 (· | yt−1 ) + π0 (yt−1 ){λh1 ,...,h p (· | yt−1 ) − λ0 (· | yt−1 )}.

)
)
corr{Ph(i111 ,...,h
(yt | yt−1 ), Ph(i212 ,...,h
(yt | yt−1 ) |
1p
2p

λ0 (yt | yt−1 ), π0 (yt−1 ), α0 , α (0) } = 0.
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Figure . Results for the Foxp dataset. Estimated posterior mean transition probabilities Px ,x (yt | yt−1 ) for syllables yt , yt−1 ∈ {d, m, s, u, x} for diﬀerent combinations
of genotype x1 ∈ {F, W } and social contexts x2 ∈ {U, L, A}.

on mice but practically impossible to study more than a small to
moderate number of mice.

4. Global and Local Tests of Hypotheses
Following Section 3.1, k j > 1 if and only if H1 j is true, so that
the posterior probability of H1 j can be estimated simply as the
proportion of posterior draws for which k j > 1. If there is substantial evidence in favor of H1 j , it is typically of additional interest to conduct pairwise comparisons. For example, in the Foxp2
dataset, if the effects of genotype x1 are significant, interest lies
in assessing the differences between P1,x2 (yt | yt−1 ) and P2,x2 (yt |
yt−1 ) locally for each (yt , yt−1 ) ∈ Y 2 for each fixed context
x2 ∈ X2 . In particular, we consider the local tests H0,yt |yt−1 ,x2 :
|P·,x2 (yt | yt−1 )| = |P1,x2 (yt | yt−1 ) − P2,x2 (yt | yt−1 )| ≤ δ versus H1,yt |yt−1 ,x2 : |P·,x2 (yt | yt−1 )| > δ for different (yt , yt−1 ) ∈
Y 2 and x2 ∈ X2 , with δ a small constant elicited to correspond
to a “practically” significant difference. The posterior probabilities of these local tests can be easily estimated from the output of
the Gibbs sampler described in Section S.1.2 of the supplementary materials.

5. Application to the Foxp2 Dataset
In this section, we discuss the results of the proposed methodology applied to the Foxp2 dataset. Our inference goals focus on
studying the systematic variation in the mouse song dynamics
across genotypes and contexts, with it being of additional substantial interest to assess the magnitude of unexplained variation
among mice.

1

2

Figure 5 shows the estimated posterior mean transition
probabilities Px1 ,x2 (yt | yt−1 ), Figures S.1 and S.3 in the supplementary materials summarize the posterior standard deviations of Px1 ,x2 (yt | yt−1 ) and the random effects parameters
π1 (yt−1 )λ(i) (yt | yt−1 ), respectively. The results show very
strong evidence of an effect of both genotype and context on
the song dynamics, with P(H1 j | Data) ≈ 1 for j = 1, 2. Hence,
there is clear evidence in the data that the Foxp2 impairment
impacts the mouse vocalization dynamics across the different
experimental contexts, with there also being clear evidence that
context plays a significant role.
We next focus on assessing how the absence of the Foxp2 gene
influences the transition probabilities of each of the different
transition types locally for each fixed context. Figure 6 summarizes the posterior mean absolute differences |P·,x2 (yt | yt−1 )|
and the posterior probabilities of the corresponding local null
hypotheses H0,yt |yt−1 ,x2 : |P·,x2 (yt | yt−1 )| ≤ δ. For the Foxp2
experiment, |P·,x2 (yt | yt−1 )| exceeding δ = 0.02 was assumed
to be practically significant. Results were robust to the choice of
this difference threshold.
The transition types for which the corresponding local null
hypotheses H0, had estimated posterior probabilities smaller
than 0.10 were d → d, s → d, d → x, s → x for context U ;
s → d, m → m, s → m, d → x, m → x, s → x for context F;
and s → d, x → s, x → x for context A. Comparisons between
the estimated transition probabilities for the two genotypes
(Figure 5) suggest that, except for transitions from silence to
silence in the U context, the estimated transition probabilities Px1 ,x2 (x | yt−1 ) of moving to the special silence syllable ‘x’
from a preceding syllable yt−1 are consistently larger in the
Foxp2 mutant mice (x1 = F) compared to the wild-type mice
(x1 = W ) for all yt−1 ∈ {d, m, s, u, x} across all contexts x2 ∈
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Figure . Results for the Foxp dataset. The top row shows the estimated posterior mean of |P·,x (yt | yt−1 )| = |P1,x (yt | yt−1 ) − P2,x (yt | yt−1 )| for syllables yt , yt−1 ∈
2

2

{d, m, s, u, x} and diﬀerent social contexts x2 ∈ {U, L, A}. The bottom row shows the estimated posterior probability of H0,y |y
t

{U, F, A}. The local nulls H0, corresponding to six of these transition types had estimated posterior probabilities less than 0.10,
and four more in the A context had estimated posterior probabilities less than 0.20 (Figure 6). Compared to wild-type mice,
Foxp2 mutant mice thus had a greater tendency to make transitions to silence across all contexts.
The increase in the probabilities of moving to the ‘x’ syllable
in the Foxp2 mutant mice seems to be explained by an associated decrease in the probabilities of transitioning to the ‘d’
syllable. Four of the associated local nulls H0, had estimated
posterior probabilities less than 0.10, two more had estimated
posterior probabilities less than 0.20. Additionally, in the L
context, the estimated transition probabilities Px1 ,x2 (m | yt−1 )
of moving to the most complex syllable ‘m’ from a preceding
syllable yt−1 were smaller in the Foxp2 mutant mice compared
to the wild-type mice for all yt−1 ∈ {d, m, s, u}. Two of the
associated local nulls H0, were significant (Figure 6). Overall, these findings are consistent with the hypothesis that the
Foxp2 gene plays an important role in the complexity and
richness of the song syllable sequencing, with Foxp2 knockout mice having impaired ability to produce more complex
syntax.
The scientific conclusions discussed above are consistent
with previous findings reported in Chabout et al. (2016).
Being based on a much advanced principled statistical method,
the findings are now validated with much greater statistical
confidence.
A GLM-based approach to mixed effects Markov sequences,
implemented via the MCMCglmm package in R (Hadfield
2010), was also applied to the Foxp2 dataset. Due to methodological limitations and computational complexities discussed
in the introduction, we could only perform approximate

t−1

2

,x2

: |P·,x (yt | yt−1 )| ≤ 0.02.
2

inference with a restrictive parametric model without any
interaction terms. Global significance of the exogenous predictors could not be straightforwardly assessed by such models.
Although the approach developed in Section 4 to assess local
differences in transition probabilities between the two genotypes could also be used for the GLM-based model, no local
difference was found to be significant using such approach.
Details are presented in Section S.5 in the supplementary
materials.

6. Simulation Experiments
We designed simulation experiments to evaluate the performance of the proposed methodology in assessing various
aspects of the vocalization dynamics in a wide range of scenarios. We tried to closely mimic many aspects of the Foxp2
dataset to create scenarios typical in mouse vocalization experiments. We chose d0 = 5 syllables {d, m, s, u, x}, d1 = 2 genotypes {F, W } with eight mice from the first genotype and six
from the other, and d2 = 3 contexts {U, L, A}. The sequences
were chosen to be of the same length as those in the Foxp2
dataset. In each case, we set π0 and λ(i) equal to the corresponding estimated values from the Foxp2 dataset. To evaluate performance in assessing predictor effects, we considered the following
scenarios:
(A) λx1 ,x2 = λ1,1 for x1 = 1, 2 and x2 = 1, 2, 3. The vocalization dynamics vary neither with genotype nor with context (k10 = 1 and k20 = 1).
(B) λx1 ,x2 = λx1 ,1 for x1 = 1, 2 and x2 = 1, 2, 3. The vocalization dynamics vary with genotype but not with context (k10 = 2 and k20 = 1).
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Figure . Results of simulation experiments. Estimated posterior probability P(k j | Data) = P (the d j levels of x j form k j clusters | Data) for genotype x1 in green and
context x2 in blue for diﬀerent simulation scenarios discussed in Section .

(C) λx1 ,x2 = λ1,x2 for x1 = 1, 2 and x2 = 1, 2, 3. The vocalization dynamics do not vary with genotype but vary
with context (k10 = 1 and k20 = 3),
(D) λx1 ,x2 = λx1 ,x2 for x1 = 1, 2 and x2 = 1, 2, 3. The vocalization dynamics vary with both genotype and context
(k10 = 2 and k20 = 3).
(E) λx1 ,x2 = λx1 ,x2 for x1 = 1, 2 and x2 = 1, 2. Also, λx1 ,3 =
λx1 ,2 for x1 = 1, 2. The vocalization dynamics vary with
both genotype and context but the dynamics within the
contexts 2 and 3 are similar (k10 = 2 and k20 = 2),
(F) λ1,x2 = λ1,x2 and λ2,x2 = λ1,x2 + .,x2 for x2 = 1, 2, 3,
where many cells in .,x2 are precisely zero. The vocalization dynamics vary with both genotype and context
(k10 = 2 and k20 = 3) but the differences between the
dynamics for the two genotypes are strictly localized in a
few specific transition types.
Figure 7 shows estimated posterior probabilities P(k j |
Data) = P(k j clusters in xi j | Data). For each simulation scenario and j = 1, 2, P(k j = k j0 | Data) ≈ 1. This excellent performance in global hypothesis testing is not surprising since
many small local effects can collectively produce strong evidence
of overall effects.
Scenario D was closest to the Foxp2 application. Figure 8
shows estimated posterior mean transition probabilities, Figures
S.2 and S.4 in the supplementary materials show estimated posterior standard deviations of these probabilities and the random
effects parameters, respectively. Figure 9 shows estimated posterior mean absolute differences |P·,x2 (yt | yt−1 )| and posterior
probabilities of the local nulls H0,yt |yt−1 ,x2 : |P·,x2 (yt | yt−1 )| ≤
0.02. Comparisons with Figure 5, Figure S.3, Figure S.5, and
Figure 6 show remarkable agreement between the results, suggesting high stability and reproducibility.
Scenario F was designed to evaluate the performance of the
proposed method in assessing local differences between transition probabilities for the two genotypes for each fixed context.

Figure 10 shows the true absolute differences |P·,x2 (yt | yt−1 )|
and the posterior probabilities of the local nulls H0,yt |yt−1 ,x2 :
|P·,x2 (yt | yt−1 )| ≤ 0.02. Out of a total of 3 × 25 = 75 local
tests, correct inferences were obtained in 68 tests. There were,
however, three rejections of true H0, ’s (false positives), and four
instances of failures to reject false H0, ’s (false negatives).
For comparison, the bottom row in Figure 10 shows
Benjamini–Hochberg-adjusted local p-values (adjusted for 25
tests for each context) returned by the approach of Chabout
et al. (2016). With a p-value threshold of 0.10, correct inferences were obtained in 56 of the 75 local tests. There were 4
rejections of true H0, ’s (false positives), and 15 failures to reject
false H0, ’s (false negatives). Ideally, to compare their p-valuebased approach with our posterior probability-based procedure,
we should first calibrate the p-values (Selke, Bayarri, and Berger
2001). Since, for comparable evidence levels, posterior probabilities of null hypotheses typically correspond to calibrated pvalues smaller by many orders of magnitude (Berger and Selke
1987), such calibration significantly reduces the power of these
local tests, further deteriorating the results. When we used such
calibration, even with our extremely liberal p-value threshold of
0.10, no H0, was rejected.
Results for another simulated dataset with similar performances are summarized in Figure S.7 in the supplementary materials. Comparisons with a multinomial logit-based
approach are also discussed in Section S.5 of the supplementary
materials.

7. Discussion
This article introduced a fundamentally novel, flexible yet computationally efficient mixed effects Markov model, providing
a sophisticated framework for inference in mouse vocalization experiments. While the focus was on a particular study
assessing the effects of a Foxp2 mutation, the methodology is
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Figure . Results for the simulation scenario D described in Section . Estimated posterior mean transition probabilities Px ,x (yt | yt−1 ) for syllables yt , yt−1 ∈
1

{d, m, s, u, x} for diﬀerent combinations of genotype x1 ∈ {F, W } and social contexts x2 ∈ {U, L, A}.

2

Figure . Results for the simulation scenario D described in Section . The top row shows the estimated posterior mean of |P·,x (yt | yt−1 )| = |P1,x (yt | yt−1 ) − P2,x (yt |
2

2

yt−1 )| for syllables yt , yt−1 ∈ {d, m, s, u, x} and social contexts x2 ∈ {U, L, A}. The bottom row shows the estimated posterior probability of H0,y |y
yt−1 )| ≤ 0.02.

applicable generally to other vocalization experiments having
similar data structures and should have significant impact in
such settings. As it is sometimes of interest to assess changes
during development (Scattoni et al. 2008b; Castellucci, McGinley, and McCormick 2016), it will be important in ongoing

,x
t t−1 2

2

: |P·,x (yt |
2

research to generalize the model to allow dynamic changes with
age.
Additionally, although our motivation here was mouse vocalization experiments, the methods have potential far beyond
such applications. Natural methodological extensions, which are

1526

A. SARKAR ET AL.

Figure . Results for the simulation scenario F described in Section . The top row shows the true values of |P·,x (yt | yt−1 )| = |P1,x (yt | yt−1 ) − P2,x (yt | yt−1 )| for
2

2

2

syllables yt , yt−1 ∈ {d, m, s, u, x} and social contexts x2 ∈ {U, L, A}. Positive diﬀerences are highlighted in black. The middle row shows the estimated posterior probabilities of H0,y |y ,x : |P·,x (yt | yt−1 )| ≤ 0.02. The bottom row shows Benjamini–Hochberg-adjusted p-values obtained using the method of Chabout et al. ().
t

t−1

2

2

Posterior probabilities smaller than . are considered signiﬁcant and are highlighted in black and orange. Posterior probabilities greater than . are presented in white
and red. Likewise, p-values smaller than . are considered signiﬁcant and are highlighted in black and orange. p-Values greater than . are presented in white and red.
White and black cells represent correct decisions, orange cells mark rejections of true H0, (false positives), and red cells mark failures to reject false H0, (false negatives).

conceptually straightforward, include accommodation of hidden Markov models, continuous predictors, and time-varying
predictors.
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